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Abstract. We prove a formula for the orbifold Chow ring of semi-pro jective toric DM 
stacks, generahzing the orbifold Chow ring formula of projective toric DM stacks by Borisov- 
Chen-Smith. We also consider a special kind of semi-pro jective toric DM stacks, the Lawrence 
toric DM stacks. We prove that the orbifold Chow ring of a Lawrence toric DM stack is 
isomorphic to the orbifold Chow ring of its associated hypertoric DM stack studied in 'JT] . 



1. Introduction 

The main goal of this paper is to generahze the orbifold Chow ring formula of Borisov- 
Chen-Smith for projective toric DM stacks to the case of semi-project ive toric DM stacks. 

In the paper [ECS] , Borisov, Chen, and Smith developed the theory of toric DM stacks 
using stacky fans. A stacky fan is a triple S = (A, E,/3), where A is a finitely generated 
abelian group, E is a simplicial fan in the lattice A := A/torsion and /5 : Z*^ — > A is a map 
given by a collection of vectors {bi, ■ ■ ■ , 6„} C A such that the images {61, ■ ■ ■ , 6„} generate 
the fan S. A toric DM stack is defined using S; it is a quotient stack whose coarse 

moduli space is the toric variety A(E) corresponding to the simplicial fan E. 

The construction of toric DM stacks was slightly generalized later in [Jiang , in which the 



notion of extended stacky fans was introduced. This new notion is based on that of stacky 
fans plus some extra data. Extended stacky fans yield toric DM stacks in the same way as 
stacky fans do. The main point is that extended stacky fans provide presentations of toric 
DM stacks not available from stacky fans. 

When A(E) is projective, it is found in [BCSj that the orbifold Chow ring (or Chen-Ruan 
cohomology ring) of A'(S) is isomorphic to a deformed ring of the group ring of A. We call 
a toric DM stack A'(S) semi-pro jective if its coarse moduli space A(E) is semi-projective. 
Hausel and Sturmfels |HSj computed the Chow ring of semi-projective toric varieties. Their 
answer is also known as the "Stanley-Reisner" ring of a fan. Using their result, we prove a 
formula of the orbifold Chow ring of semi-projective toric DM stacks. 

Consider an extended stacky fan S = (A, E,/3), where E is the simplicial fan of the semi- 
projective toric variety A(E). Let Ntor be the torsion subgroup of A, then N = N ® Ntor- 
Let As := |E| © Ntor- Note that |E| is convex, so |E| © Ntor is a subgroup of A. Define the 
deformed ring Q[As] := ©cga^e ^^'^ with the product structure given by 

yCi+c2 there is a cone a G E such that Ci G a, C2 G a ; 
otherwise . 
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Note that if A'(S) is projective, then Nj: = N and Q[A^s] is the deformed ring Q[A^]^ in 
[BUS]. Let Al^^iXii:)) denote the orbifold Chow ring of the toric DM stack A'(S). 

Theorem 1.1. Assume that XCS) is semi-projective. There is an isomorphism of rings 

A* (.Y(^)) - 

The strategy of proving Theorem II .11 is as follows. We use a formula in ^HSj for the ordinary 
Chow ring of semi-projective toric varieties. We prove that each twisted sector is also a semi- 
projective toric DM stack. With this, we use a method similar to that in [BCSj and Jiang| 



to prove the isomorphism as modules. The argument to show the isomorphism as rings is the 
same as that in |BCSj . except that we only take elements in the support of the fan. 

An interesting class of examples of semi-projective toric DM stack is the Lawrence toric 
DM stacks. We discuss the properties of such stacks. We prove that each 3-twisted sector 
or twisted sector is again a Lawrence toric DM stack. This allows us to draw connections to 
hypertoric DM stacks studied in |JT] . We prove that the orbifold Chow ring of a Lawrence 
toric DM stack is isomorphic to the orbifold Chow ring of its associated hypertoric DM stack. 
This is an analog of Theorem 1.1 in [HS] for orbifold Chow rings. 

The rest of this text is organized as follows. In Section [2] we define semi-projective toric 
DM stacks and prove Theorem 1.1. Results on Lawrence toric DM stacks are discussed in 
Section [31 



Conventions. In this paper we work entirely algebraically over the field of complex numbers. 
Chow rings and orbifold Chow rings are taken with rational coefficients. By an orbifold we 
mean a smooth Deligne-Mumford stack with trivial generic stabilizer. 

For a simplicial fan S, we use |E| to represent the lattice points in S. Note that if S is 
convex, |S| is a free abelian subgroup of A^. We write A^* for Homx{N, Z) and N ^ N the 
natural map of modding out torsions. We refer to |BCSj for the construction of the Gale dual 
/jv . ^ of /? : Z™ ^ AT. 

Acknowledgments. We thank Kai Behrend and Nicholas Proudfoot for valuable discus- 
sions. 

2. Semi-projective toric DM stacks and their orbifold Chow rings 
In this section we define semi-projective toric DM stacks and discuss their properties. 

2.1. Semi-projective toric DM stacks. 

Definition 2.1 ( |HS] ). A toric variety X is called semi-projevtive if the natural map 

7r:X^Xo = Spec{H\X, Ox)), 
is projective and X has at least one torus-fixed point. 
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Definition 2.2 ( | Jiang| ) . An extended stacky fan H is a triple {N, S,/3), where N is a finitely 
generated abelian group, H is a simplicial fan in A^r and (3 : Z"* N is the map determined 
by the elements {bi, • • • , bm} in N such that {hi, ■ ■ ■ , 6„} generate the simplicial fan S (here 
m > n). 

Given an extended stacky fan S = (A^, S,/?), we liave tlie following exact sequences: 

(2.1) — > DG{(5y — . Z'" ^ — > Coker{P) — ^ 0, 

(2.2) — — ^ DG{(3) — > Coker{(3'^) — > 0, 

where is the Gale dual of (3 (see jBCS] l Applying Homz{-X*) to yields 

(2.3) 1 — ^ /i — >G-^ {C*r — ' — ' 1- 

The toric DM stack A^(S) is the quotient stack [Z/G], where Z := (C^ \ V{J^)) x (C*)"^"'^, 
Je is the irrelevant ideal of the fan S and G acts on Z through the map a in ( 12. 3p . The coarse 
moduli space of A:'(S) is the simplicial toric variety X(S) corresponding to the simplicial fan 
S, see |BCS] and |Jiang| . 

Definition 2.3. A toric DM stack (S) is semi-projective if the coarse moduli space X(S) 
is semi-projective. 

Theorem 2.4. The following notions are equivalent: 

(1) A semi-projective toric DM stack 

(2) A toric DM stack A'(S) such that the simplicial fan "E is a regular triangulation of 
B = {bi, ■ ■ ■ ,bn} which spans the lattice N. 

Proof. Since the toric DM stack is semi-projective if its coarse moduli space is semi- 
projective, the theorem follows from results in |HS] . □ 

2.2. The inertia stack. Let S be an extended stacky fan and cr G S a cone. Define 
link{a) := {r : a + r G S, a fl r = 0}. Let {pi, . . . , p;} be the rays in link{a). Consider the 
quotient extended stacky fan S/a = {N{a),E/a, P{a)), with (3{a) : Z'+™-" ^ N{a) given 
by the images of bi, ... ,bi and &„+i, . . . ,bm under A^ ^{'^)- By the construction of toric 
Deligne-Mumford stacks, if a is contained in a top dimensional cone in S, we have A'(S/cr) := 
[Z{a)/G{a)], where Z{(t) = (A' \ V(Js/a)) x (C*)™"" and G{a) = Homj^{DG{(3{a)),C)- 

Lemma 2.5. If X(ll) is semi-projective, so is X(ll/a). 

Proof. Semi-project ivity of the stack means the simplicial fan S is a fan coming from 

a regular triangulation of ;B = ■ ■ ■ which spans the lattice A^. Let pos{B) be the 
convex polyhedral cone generated by B. Then from [HS], the triangulation is supported on 
pos{B) and is dermined by a simple polyhedron whose normal fan is E. So cr is contained in 
a top-dimensional cone r in S. The image r of r under quotient by a is a top-dimensional 
cone in the quotient fan S/cr. So the toric variety X(S/(t) is semi-projective by Theorem 
12.41 and the stack A:'(S/cr) is semi-projective by definition. □ 

Recall in [BCS] that for each top-dimensional cone a in S, define Box{a) to be the set of 
elements v & N such that v = co- some < < 1. Elements in Box{a) are in 
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one-to-one correspondence with elements in the finite group N{a) = N/Ncr, where N{(t) is 
a local group of the stack X(J]). In fact, we write v = '^p.ca{v)^i^i some < < 1, 
where a{v) is the minimal cone containing v. Denoted by BoxCS) the union of Box{a) for 
all top-dimensional cones a. 

Proposition 2.6. The r-inertia stack is given by 

(2.4) X,(A'(S))= Y[ ,tJ,)), 

where a(yi, ■ ■ ■ ,Vr) is the minimal cone in S containing Vi, - ■ ■ ,Vr- 
Proof. Since G is an abelian group, we have 

where Z^^i' " C Z is the subvariety fixed by fi, ■ ■ ■ , Vr- Since a(lJi, ■ ■ ■ ,Vr) is contained in 
a top-dimensional cone in S. We use the same method as in Lemma 4.6 and Proposition 4.7 
of [BCS] to prove that [Z^''^'- '''^^ /G] ^ X{i:/a(yu ■ ■ ■ ,%)). □ 

Note that in (12.41) each component is semi-projective. 

2.3. The orbifold Chow ring. In this section we compute the orbifold Chow ring of semi- 
projective toric DM stacks and prove Theorem ll.il 

The module structure. Let S = (A^, S,/5) be an extended stacky fan such that the toric DM 
stack A'(S) is semi-projective. Since the fan S is convex, |S| is an abelian subgroup of A^. 
We put N-£ := |E| © Ntor, where Ntor is the torsion subgroup of A^. Define the deformed ring 
ceNs '^y" '^ith product structure given by (PJJ. 

Let {pi, . . . , pn} be the rays of S, then each pi corresponds to a line bundle Li over the 
toric Deligne-Mumford stack X^S) given by the trivial line bundle C x Z over Z with the 
G action on C given by the i-th component of a : G ^ (C*)™ in (12.31) . The first Chern 
classes of the line bundles Lj, which we identify with y^', generate the cohomology ring of the 
simplicial toric variety X(S). 

Let Ss be the quotient ring 9hLl±zJL!!l ^ where /s is the square-free ideal of the fan E 
generated by the monomials 

|y*n . . . y^ifc : ■ ■ ■ , do not generate a cone in S}. 
It is clear that Ss is a subring of the deformed ring 



Lemma 2.7. Let A*{X{'S)) be the ordinary Chow ring of a semi-projective toric DM stack 
Then there is a ring isomorphism: 



{Er=ieW:eGAr^}' 



Proof. The Lemma is easily proven from the fact that the Chow ring of a DM stack is 
isomorphic to the Chow ring of its coarse moduli space (0) and Proposition 2.11 in |HSj . □ 

Now we study the module structure on A*^f^ (A'(S)). Because S is a simplicial fan, we have: 
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Lemma 2.8. For any c G A^e? let a be the minimal cone in S containing c. Then there is a 
unique expression c = v + J2piCa ^i^i where rrii G Z>o, and v G Box{a). 

Proposition 2.9. Let A'(S) he a semi- projective toric DM stack associated to an extended 
stacky fan S. We have an isomorphism of A* (XCS)) -modules: 



Proof. From the definition of Q[A^s] and LemmaESl we see tliat Q[A^e] = 0„eBox{s) V"'^^- 
Tlie rest is similar to tlie proof of Proposition 4.7 in | Jiang] , we leave it to the readers. □ 



The Chen-Ruan product structure. The orbifold cup product on a DM stack X is defined using 
genus zero, degree zero 3-pointed orbifold Gromov-Witten invariants on X. The relevant 
moduli space is the disjoint union of all 3-twisted sectors (i.e. the double inertia stack). By 
fl2.4l) . the 3-twisted sectors of a semi-projective toric DM stack ^CS) are 

(2.5) n Xi^/aiv,,v,,v,)). 

{^1 ,V2,V3)S:Box{'S)^ ,ViV2 f3 = l 

Let evi : X{'S/a{vi,V2,V3)) — > rY(S/cr(iJi)) be the evaluation maps. The obstruction 
bundle (see |CR2] ) Ob^yj^^^^^y^) over the 3-twisted sector X{'E/a{vi,V2,V3)) are defined by 

(2.6) 06(„„,,,,3) := {e*T{X{i:))(E)H\C,Oc)f , 

where e : X (Yi / a{vi,V2,V3)) '^(S) is the embedding, C — is the if-covering branched 
over three marked points {0, 1, cxo} c P^, and H is the group generated by f i, f2, fs. 

A general result in [CHj and [JKK] about the obstruction bundle implies the following. 

Proposition 2.10. Let X{'S/a{vi,V2,V3)) be a 3-twisted sector of the stack Suppose 
f 1 + f 2 + f 3 = J2p,ca{vi V2 vi) ^i^i> "^4 = 1 or 2. Then the Euler class of the obstruction bundle 
Oh 

{vi,v2,v3) on X{Yj/ (t{vi,V2,V3)) is 

W Ci{Li)\x{Y./a{vi,V2,m))-: 
ai=2 

where Li is the line bundle over A:'(S) corresponding to the ray pi. 

Let V G i?ox(S), say v G N{a) for some top-dimensional cone a. Let v G Box{Yi) be 
the inverse of v as an element in the group N{a). Equivalently, if t> = J2p,ccT{v)^i^i 
< a.j < 1, then v = J2piCa(v)('^ ~ (^i)bi. Then for Q;i,a2 G A*^^{X{Y,)), the orbifold cup 
product is defined by 

(2.7) tti Uor6 012 = ev3^{evlai U 6^202 U e(06(i,i,„2,„3))), 

where evs = I o ev^, and / : IX(11) —>■ XA'(S) is the natural map given by (x, g) i-h> [x, g~^)- 
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Proof of Theorem 1.1. By Proposition 12.91 it remains to consider the cup product. In this 
case, for any fi, f2 ^ Box{H), we also have 

Vi + V2 = V-i + ^^^1 + bi, 
ai=2 i£j 

where J represents the set of j such that pj belongs to a(yi,V2), but not belong to criys). 
Then the proof is the same as the proof in |BCSj . We omit the details. 

3. Lawrence Toric DM stacks 

In this section we study a special type of semi-projective toric DM stacks called the 
Lawrence toric DM stacks. Their orbifold Chow rings are shown to be isomorphic to the 
orbifold Chow rings of their associated hypertoric DM stacks studied in j JTj . 

3.L Stacky hyperplane arrangements. Let A^, ■ ■ ■ ,bm} E N, P : Z"^ — > A^, and 
■ ■ ■ ,bm} C be as in Definition 12. 2[ We assume that ■ ■ ■ , bm} G are nontorsion 
integral vectors. We still have the exact sequences fl2.ip and fl2.2p . The Gale dual map 
of j3 is given by a collection of integral vectors = (ai, ■ ■ ■ , am)- Choose a generic element 
9 e DG{p) and let ip := (ri, ■ ■ ■ , r^) be a lifting of 9 in such that 9 = -p'^ip. Note that 
9 is generic if and only if it is not in any hyperplane of the configuration determined by 
in DG{P)^. Associated to 9 there is a hyperplane arrangement H = {Hi, ■ ■ ■ ,Hm} defined 
as follows: let Hi be the hyperplane 

(3.1) Hr.= {veMK\<bi,v>+ri = 0}cMK. 

This determines hyperplane arrangement in Mr, up to translation. It is well-known that 
hyperplane arrangements determine the topology of hypertoric varieties (|BDj). We call 

A := {N,l3,9) a stacky hyperplane arrangement. 

The toric variety X(S) is defined by the weighted polytope T := fXiLi Fi, where Fi = {v E 
M]r| < bi,v > +ri > 0}. Suppose that T is bounded, the fan S is the normal fan of T in 
Mr = R'^ with one dimensional rays generated by 6i, ■ ■ ■ , 6„. By reordering, we may assume 
that Hi, - ■ ■ , Hn are the hyperplanes that bound the polytope T, and Hn+i, ■ ■ ■ , Hm are the 
other hyperplanes. Then we have an extended stacky fan S = (A^, as in Definition 
12.21 with E the normal fan of F, /3 : Z™ — > A^ given by {bi, ■ ■ ■ ,bn, bn+i, ■ ■ ■ , &m} C A^, and 
{bn+i, ■ ■ ■ ,bm} the extra data. We define the hypertoric DM stack Ai{A) using this A, see 
|JTj for more details. 

3.2. Lawrence toric DM stacks. Applying Gale dual to the map 

(3.2) Z^eZ"^ ^ DG'(/5), 
given by (/3^, —P"^), we obtain 

/3i : Z™ © Z" Nl, 

which is given by integral vectors ■ ■ ■ , ^L.m, d " " " ? ml ^l- The natural images 

{bi,!, ■ ■ ■ , bL,m, 1, ■ ■ ■ ; m} ^ ^ L are Called the Lawrence lifting of ■ ■ ■ , bm} C N. 
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Associated to the generic element 9, let 9 be the natural image under the map DG{(3) 



DG{l3). Then the map /3 : —> DG{(3) is given by /3 = (ai, ■ ■ ■ ,am)- For any column 
basis of the form C = {oj^, ■ ■ ■ , ai^_^}, there exist unique Ai, ■ ■ ■ , Xm-d such that 

OjiAi + ■ ■ ■ + ai^_^Xm-d = 9. 

Let C[zi, ■ ■ ■ , wi, ■ ■ ■ , ti^rn] be the coordinate ring of C^™'. Let cr(C, 6^) = |Aj > 0} U 
{b[. \ Xj < 0}, and C{9) = {zi^ \Xj > 0} U {w^J < 0}. We set 

(3.3) Ig :=< ]^C(6')| C is a column basis of (3^ >, 
and 

(3.4) Eg := {a{C,9) : C is a column basis of P^}, 

where a{C, 9) = {Bl, i! ■ ■ ■ ; &L,m; ^Lii' ' ' i^L m} \ '^{^i ^) the Complement of o"(C, ^) and 
corresponds to the maximal cones in Eg. According to |HS] . Eg is the fan of Lawrence toric 
variety X{Y^q) corresponding to 9 in the lattice A^^. The ideal Xq is the irrelevant ideal of the 



fan Eg. Then we have the Lawrence stacky fan = (A'l, Se,/^^) introduced in [JT' . 
Applying Homz{—,C*) functor to (13.21) . we get 

(3.5) at-.G^ (C*)2"^. 

So G acts on C^™ through ah- From Section 2, A'(Se) = [(C^™ \ ^(Xe))/^] whose coarse 
moduh space is the Lawrence toric variety X(Se) = (C^™ \ V{Ie))/G. Let F C C^™ \ V(Xe) 
be the subvariety defined by the ideal: 

m 

(3.6) V :=< ^(/5^)*(x)iai,ZiU;i|Vx G DG{(3y >, 

1=1 

where (/3^)* : DG{py is the dual map of and (/5^)*(x)j is the i-th component of the 

vector (/5^)*(x). From [ JT] . the hypertoric DM stack M.{^JC) = [Y/G] whose coarse moduli 
space is the hypertoric variety F(/3^, 9) = Y/G. 

Definition 3.1. (^ |JTj ) The Lawrence toric DM stack is the toric DM stack XCSg) corre- 
sponding to the Lawrence stacky fan Sg. 

By |HSj . X(Se) is semi-projective. So the Lawrence toric DM stack X^Eg) is semi- 
projective by definition. 

3.3. Comparison of inertia stacks. Next we compare the orbifold Chow ring of the hyper- 
toric DM stack and the orbifold Chow ring of the Lawrence toric DM stack. First we compare 
the inertia stacks. From the map (3 : —>■ N which is given by vectors {bi, ■ ■ ■ , 6^}. Let 
Gone{(3) be a partially ordered finite set of cones generated by 6i, ■ ■ ■ ,6^. The partial order 
is defined by: cr -< r if cr is a face of r, and we have the minimum element which is the cone 
consisting of the origin. Let Gone{N) be the set of all convex polyhedral cones in the lattice 
A^. Then we have a map 

G : Gone{/3) — > Gone(N), 

such that for any a E Gone{P), G{a) is the cone in A^. Then := {C,Gone{[3)) is a 
simplicial multi-fan in the sense of |HMj . 
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For the multi-fan A/3, let -Box(A^) be the set of pairs (f , a), where a is a cone in A^, v & N 
such that V = C(t'^«^« fo'^ < < 1. (Note that a is the minimal cone in A/? satisfying 
the above condition.) From |JT] . an element {v,a) G Box{Ap) gives a component of the 
inertia stack X{Jv[[A)). Also consider the set Box{T,e) associated to the stacky fan Xlg, see 
Section 2.2 for its definition. An element v G Boxille) gives a component of the inertia stack 

By the Lawrence lifting property, a vector hi in lifts to two vectors 6L,i,^L « in A^l- Let 
{5L,n, ■ ■ ■ Jl,*!) ■ ■ ■ '^L,iJ be the Lawrence lifting of {6^,, ■ ■ ■ JiJ. 

Lemma 3.2. • ■ ■ , Sij.} generate a cone a in A^ if and only if {bii^^ ■ ■ ■ , hii^^h^ hi' ' ' I'^Lii} 
generate a cone ag in T,g. 

Proof. Suppose a is a cone in Ap generated by ,64^.}, it is contained in a top- 

dimensional cone r. Assume that r is generated by - ,bi^,bi^^^, ■ ■ ■ ,bi^}. Let C be 

the complement {61, ■ ■ ■ ,bm} \ t- Then C corresponds to a column basis of (3^ in the map 
(5 : — s> DG{f3). By the definition of Eg in (13.41) . C corresponds to a maximal cone Tg 

in He which contains the rays generated by {bL,ii, ■ ■ ■ ? ^Li^) ^L,ji) " " " y^L,ik}- Thus these rays 
generate a cone ag in T,g. 

Conversely, suppose ag is a cone in Eg generated by {feL,ji, ■ ■ ■ , Sl,^-, ii? ' ' ' 5 ifc}- Using 
the similar method above we prove that , ■ ■ ■ ,bif.} must be contained in a top-dimensional 
cone of A^. So {fej^, ■ ■ ■ ,bi^} generate a cone a in A^. □ 

Lemma 3.3. There is an one-to-one correspondence between the elements in BoxCSg) and 
the elements in Box{Ap). Moreover, their degree shifting numbers coincide. 

Proof. First the torsion elements in Box{Hg) and Box{Ap) are both isomorphic to fi = 
ker{a) = ker{ah) in (12.31) and (13.51) . Let {v, a) G Box^Ajs) with v = ^p.co- '^A- Then v may 
be identified with an element (which we ambiguously denote by) v & G := Homz{DG{P), C*). 
Certainly v fixes a point in C"^. Consider the map a in (12.31) . put a{v) = {a^{v), • • • , a"^{v)). 
Then a*(f) 7^ 1 if pj C a, and a\v) = 1 otherwise. By Lemma [3^ let {bi^i^bj^i : i = 
1, ■ ■ ■ , \a\} be the Lawrence lifting of {&i}pjCo-- Since the action of v on C^™ is given by 
(f , f ~^), f fixes a point in C^*" and yields an element vg in Box{Hg). From the map (13. Sp . let 

(3.7) ahivg) = {alive), ■ ■ ■ , a^l^e), " " " , 

Then a^fe) 7^ 1 and a]:^"^{vg) 7^ 1 if pi C a; ajj(fe) = al^'^ivg) = 1 otherwise. So 
o'givg) = {^L.ij^Li : ^ = 1) ■ ■ ■ 5 |c"|} is the minimal cone in T,g containing vg. Furthermore, 

Conservely, given an element vg G BoxCSg), let agivg) be the minimal cone in Eg containing 

Vg. Then from the action of G on C^"^ and ([^71), we have a{{vg) = {ai^"'{vg))-\ liaHvg) ^ 1, 

then a]^"^{vg) 7^ 1, which means that bL,i,bL,i+m € o'eiyg). The cone <Jg(yg) is the one in T,g 
/ 

containing bL^i^b^^ij^rnS satisfying this condition. Then vg = J^ii^i^L,! + (1 ~ (^d^Li)- By 
Lemma 13.21 agivg) is the Lawrence lifting of a cone a generated by the {&i}'s in A^. Let 
V = JZpiCa^i^i- ^Iso determines an element (f , cr) G -Box(A/3). □ 
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For (t>i, (Ti), (f2, (J2), (f3, (T3) G Boxi^Ajs), let cr(t'i, f 2, ^3) be the miniaml cone containing 
vi,V2,V3 in A/3 such that V1+V2 + V3 = Y.p,<^a{vuv2,v3)^^^ ^^"^ = Let fe,2, ^^e,3 
be the corresponding elements in Boxillo) and ve,2, ^6,3) the minimal cone containing 

ve,i,ve,2,ve,-i in Eg. Then by Lemmas 13.21 and 13.3 1 cr(v0 1, 2, 1'e.s) is the Lawrence lifting of 
o'(jJi,V2,V3). Suppose that a is generated by ■ ■ ■ then (^(Ue^i, tJ6i_2, ^^0^3) is generated 



by {&L,n, 



^LAs)^ the Lawrence lifting of {6^,, ■ ■ ■ , fe^J. Let {6^-,, ■ ■ ■ , 6j„,_,_J 



5 1 



be the rays not in aUlink{a) , we have the Lawrence lifting {bij^ 

Then from the definition of Lawrence fan in (13. 4p . we have the following lemma: 

/ / 

Lemma 3.4. There exist m — I — s vectors in {biji, ■ ■ ■ , bL,j^_i_^, b^ j^, ■ ■ ■ , bi j^_^_^} such 

that the rays they generate plus the rays in cr{vg^i, 1)9^2,^9,3) generate a cone ag in Eg. □ 

Proposition 3.5. The stack XCSg/ag) is also a Lawrence toric DM stack. 

Proof. For simplicity, put a := a{vi,V2,V3). Suppose there are / rays in the link{a). Then 
by Lemma [3.21 there are 21 rays in link{ag), the Lawrence lifting of link{a). Let s := \a\, 
then 2s + m — I — s = \ag\. Applying Gale dual to the diagrams 







l+s 



N 



and 



/3 



yields 
(3.8) 
and 
(3.9) 



DGiPia)) 



N 



N{a) - 



Z 



m—l—s 





- 0, 








71+S 







Z' 



m—l- 



DGiP) 



Z'' 



Z' 



0, 



z 



m—l—s 



DGiP) 



DGiP) 







0. 



Since Z^ = N^, we have that DGiPo) = 0. We add two exact sequences 







Z' — > Z" 



z 



m—l 



0, 



and 



— ^ — >Z'' 
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on the rows of the diagrams f l3.8l) .( l3l9l) and make suitable maps to the Gale duals we get 







721 



(3.10) 



and 



(3.11) 



J^s+m-l ^ Q 



(/3^,-/3^) 



DG{P{a)) 



DG{f3) 







^l+s+m ^ g 



(/3V,-/3^) 



DG{(3) 



Applying Gale dual to fl3:T0D . fl33TD we get 







and 







Nr 



DG(/3) 



0. 



2« 







/3L((Te) 

Ndae) > 0, 



^ '^m-l-s ^ Q 



/3l 



Nr 







0. 



For the generic element 6, from them map (p2 in (13.91) . 6 induces 6 G DG{(3), and from 
the isomorphism yji in (13.81) . 9 = 6{a) G DG{P{a)). So we a quotient stacky hyperplane 
arrangement A{cr) = {N{(t), P{a),9{a)). From the above diagrams we see that the quotient 
fan Tjg/ag in Ni{ag) also comes from a Lawrence construction of the map /?(cr)^ : Z' 
DG{(3{a)). Let X(cr) = C^' \ V^(X0(o-)), where 1e{a) is the irrelevant ideal of the quotient 
fan Ee/(Te. Let G{a) = Homz{DG{(3{a)),C*)- The stack ^'(Ee/ae) = [X((t)/G(ct)] is a 
Lawrence toric Deligne-Mumford stack. □ 

Corollary 3.6. A4{A{a{vi,V2,V3))) is the hypertoric DM stack associated to the quotient 
Lawrence toric DM stack XCSg/ag) . 

Proof. A4{A{a{vi,V2,V3))) is constructed in [JTj as a quotient stack [Y{(T)/G{a)], where 
Y{a) C X(cr) is defined by //3(o-)v, which is the ideal in (13. 6p corresponding to the map 
P{(Ty in (13. Sp . So the stack Jli{A{a(vi,V2,V3))) is the associated hypertoric DM stack in the 
Lawrence toric DM stack XCSe/ae). □ 

Remark 3.7. For any vq G -Box(Se), let Vg'^ be its inverse. We have the quotient Lawrence 
toric stack X{Tig/ag). Let {v,a) be the corresponding element in i?oa;(A^), then 

M{A{a{v,v-\ 1))) ^ MiAia)). 



By Proposition \3.5\ and Corollaru \3.(k the twisted sector M.{A{(7)) is the associated hypertoric 
DM stack of the Lawrence toric DM stack X{Yi0/ ag). 
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Remark 3.8. From Lemma 3^, the cone ag is not the minimal cone (j{ve,i,ve^2,vg^3) con- 
taining vg^i,V9^2,vo^3 in Eg. So X{T,Q/cr(vg^i, 1)9^2,^0,3)) is not a Lawrence toric DM stack. But 
from the construction of Lawrence toric DM stack, the quotient stack A'(Se/cr(U6i^i,I7e^2;^6»,3)) 
is homotopy equivalent to the quotient stack XCEg/ae). Since we do not need this to compare 
the orbifold Chow ring, we omit the details. 

3.4. Comparison of orbifold Chow rings. Recall that A''^^ = A^^, © Ni^tor, where Ni^tor is 
the torsion subgroup of N^. Let N^^g = Ni^tor © jSgl. By Theorem 1.1, we have 

Proposition 3.9. The orbifold Chow ring Al^.^^{X {Yiq)) of the Lawrence toric DM stack 
X(Yie) is isomorphic to the ring 

(3.12) ^ , . 

□ 

Recall in [JT] that for any c E N, there is a cone a G such that c = J2piCa where 
ttj > are rational numbers. Let A^'^'' denote all the pairs (c, a). Then N'^i^ gives rise a 
group ring 

where y is a formal variable. For any (c, cr) G A^^'', there exists a unique element (f , t) G 
Box{A/^) such that r C cr and c = v + Ep Co-'^*^*' where are nonnegative integers. 
We call (f , r) the fractional part of (f,cr). We define the ceiling function for fans. For 
(c, 0") define the ceiling function \c]a by \c]a = J^piCr^i + Ep^co-'^*^*- Note that ifv = 0, 
Mo- = Ep,c<T "^j^i- For two pairs (ci,o"i), (c2, cr2), if ai Ucr2 is a cone in A^, define e(ci, C2) := 
\ci\(Ti + \c2]a2 ~ [ci + C2]o-iUcr2- Let (Tg C (Ti U o"2 bc the minimal cone in Ap containing e(ci, C2) 
so that (e(ci, C2), a^) G A^^^*. We define the grading on Q[A/j] as follows. For any (c, a), write 
c = V + Ep C(t"^«^«' then deg{y^^''^^) = \t\ + Ep co-'^*' where |r| is the dimension of r. By 
abuse of notation, we write y^^^'P^^ as y^\ The multiplication is defined by 

(3 13) 1/(^1''^^) ■ ■= U-^)^'''^''^''^'^''''''^'''''''''^ if ^1 U ^2 is a cone in A^ , 

1 otherwise . 

From the property of ceiling function we check that the multiplication is commutative and 
associative. So Q[A/3] is a unital associative commutative ring. In [JT] , it is shown that 

Q[A;3] 



(3.14) AUM{A)) 



{j:T=ieW-.eeN*y 



Consider the map /3 : — * A^ which is given by the vectors {hi,-- - ,bm}- We take 
{1, ■ ■ ■ ,m} as the vertex set of the matroid complex Mg, defined from /3 by requiring that 
F G Mj3 iff the vectors {bi}ieF are linearly independent in A^. A face F G M/3 corresponds to 
a cone in A^ generated by {bi}ieF- By [S], the "Stanley- Reisner" ring of the matroid is 
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where Jm^ is the matroid ideal generated by the set of square-free monomials 

^y'^ii . . .yb^k ■ ■ ■ , linearly dependent in A^}. 
It is proved in |JT] that , 

Q[A^]= i/(^''^)-Q[M^]. 

{v,a)&Box{Ai3) 

For any (t>i, di), (f2, 0-2) G Box^Ap), let (fs, (T3) be the unique element in Box{A/^) such that 
Vi + V2 + = in the local group given by (Ti U cr2, where = means that there exists 
a cone (t{vi,V2,V3) in such that Vi + V2 + V3 = Y.p,cc7{vi,v2,v3)^i^i^ where = 1 or 2. 

Let Ui = Ep,.c<xi«]^i' ^2 = Ep,ca2«i^i' ^3 = Ep,.ca3«I^J- ^i^^ ^ < < 1- ^et / 

be the set of i such that Oj = 1 and ttj exist, J the set of j such that belongs to 

c{vi,V2,V3) but not (T3. If (f , 0") G Box{A/^), let (-u, a) be the inverse of {v, a). Except torsion 
elements, equivalently, if = X]p co-'^i^* < aj < 1, then = J2p ca(^ ~ By abuse 

of notation, we write ?/(^*'/'') as y'''. We have that f 1 + f 2 = C's + X]ai=2^« + SjeJ^i- F^o^ 
fl3.13p . Lemma 5.11 and Lemma 5.12 in [JTj . if V\^V2 7^ 0, we have 

r„ 1 ^ 1 [7,^7,1 - / ^^e/ + J &i if ^^1 7^ ^2 , 

So it is easy to check that the multiplication written as 

(3.15) 

(_l)|/|+|J|^fe,-3) . n,^=2 2/'' ■ n.6/Z/'' ■ riigj?/''^ if ^1,^2 G ^ for ^ G and tJi ^ #2 , 
(-1)1-^1 Hj-gj 2/^''' if ^1, ^2 G cr for o- G A^ and Ui = #2 , 

otherwise . 

The following is the main result of this Section. 
Theorem 3.10. There is an isomorphism of orbifold Chow rings y4*^^(A'(S6i)) = Alj.fj{Ai{A)) . 

Proof. The ring Q[A''2e] is generated by {y^'^'^y^''^'' : i = 1, ■ ■ ■ , m} and y""" for vg G Box{Tig) 
by the definition. By Lemma 13.31 define a morphism 

by y^^'' I— > y^\y^'^'^ ^ —y^^ and y^" t-^ y(''.<^). By |HS] . the ideal Xq goes to the ideal 
lup and the relation {^^j^ e{bL,i)y^^-' + Yl^i ^{^'L,i)y -^'^ : e G iV^} goes to the relation 
{YlT=i ^{^i)y^^ '■ ^ ^ A^*}. Thus the two rings are isomorphic as modules. 

It remains to check the multiplications. For any y""^ and y^^''^ or let y^'"'"'> be the 

corresponding element in Q[A^]. By the property of ve and Lemma [3.3[ the minimal cone 
in containing Vd,bL,i must contains 6^ j. By Lemma [3.21 there is a cone in A^ containing 
v,bi. In this way, y""" ■ y^^-^ goes to y'^'"'"^ ■ y^^ and y'"" ■ y^^'^ goes to — ?/(*''°") ■ y^^ . If there is no 
cone in Eg containing vg,bL,i,bn, then by Lemma [321 there is no cone in A/3 containing v,bi. 
So y""" ■ y^^'^ = goes to y'^'"'"'^ ■ y''^ = and y"" ■ y"'^ - = goes to -y^-"'") ■ y^- = 0. 

For any y'"^'^ ^y""^''^ , let 7/(^2,0-2) ^j-^g corresponding elements in Q[A/3]. If there is no 

cone in containing t^e, 1,^61,2, then by Lemmas 13. 21 and [X^ there is no cone in A^ containing 



SEMI-PROJECTIVE TORIC DM STACKS 



13 



vi,V2. So y'"'^-^ ■ y'"^''^ = goes to ■ y(''2'<^2) _ q_ Suppose there is a cone containing 

ve,i,ve,2, let ve,3 G Box{Tig) such that ve,i + fe,2 + ve,3 = 0. Let a{ve,i,vg,2,ve^3) be the 
minimal cone containing I^e^i, ^6)^2, ^^e^s in Tig. Then by Lemmas 13.21 and [373| crivg^i, 119^2,^0^3) is 
the Lawrence lifting of a{vi,V2,V3) for (t>i, ai), (^2, o"2), (fs, as) G -Box(A^). So we may write 

t^0,i + we,2+l^e,3 = Ep,ca(ui,U2,U3) «i^i-i + Ep,c.(wi,w2,u3) The corresponding tJi +U2 + t^3 = 

J2p-ccr{viV2V3)^i^i- i'^^'^) inverse of (t', cr) in Box^A^), i.e. if f is nontorsion and 

V = J2piCcT^i^i 1^°^ < < 1, then tJ = J^p^cai^ ~ The vg is defined similarly in 

i?ox(Se). The notation J represents the set of j such that pj belongs to a(vi,V2,V3) but not 
(J3, the corresponding PL,j,p'L,j belong to (T(ve,i,ve,2,ve,3) but not cr(ye,3)- 

If some We i = which means that Vg^i is a torsion. Then from Lemma (13. 3p the correspond- 
ing V is also a torsion element. In this case we know that the orbifold cup product y^"'^ ■ y'"'^''^ 
is the usual product, and under the map (j), is equal to y^^i'""!) ■ y(''2,o-2)_ 

If vg^i = vg^2, then We 3 = and the obstruction bundle over the corresponding 3-twisted 
sector is zero. The set J is the set j such that pj belongs to cr(we,i). So from |BCSj . we have 

Under the map we see that ■ yi'"^''^'^) is equal to the second line in the product (13.151) . 

If ^61,1 7^ vg,2, then vg^3 7^ and the obstruction bundle is given by Proposition 12.101 If all 
aj, a|, a| exist, the coefficients and a[ satisfy that if aj = 1 then a'^ = 2, and if = 2 then 
a'i = 1. So from jBCS] . 

ai=2 iel jeJ 

Under the map we see that ■ ^(^2,0-2) jg equal to the first line in the product (13.151) . 

By Lemma 13. 3[ the box elements have the same orbifold degrees. By Corollary 13.61 and the 
definition of orbifold cup product in (12. 7p . the products y'"'^''^ ■ y'""-'^ and ■ 7/(^2,0-2) have 

the same degrees in both Chow rings. So induces a ring isomorphism y4*^,^(A'(Se)) = 
AUM{A)). □ 



Remark 3.11. The presentation 1^3. 14\ ) of orbifold Chow ring only depends on the matroid 



complex corresponding to the map j3 : Z™ — » N , not 6. Note that the presentation 1^3. 12\) 
depends on the fan Tg. We couldn't see explicitly from this presentation that the ring is 
independent to the choice of generic elements 9. 
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